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Abstract 

Given a connected and locally compact Hausdorff space X with a good base K we assign, 
in a functorial way, a Co(A')-algebra to any precosheaf of C*-algebras A denned over K. 
Afterwards we consider the representation theory and the Kasparov /("-homology of A, and 
interpret them in terms, respectively, of the representation theory and the /("-homology of 
the associated Co(A)-algebra. When A is an observable net over the spacetime X in the 
sense of algebraic quantum field theory, this yields a geometric description of the recently 
discovered representations affected by the topology of X. 
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1 Introduction 



Let X be a space and K denote the partially ordered set (poset) given by a base of X ordered 
under inclusion. In the present work we proceed on studying the (noncommutative) geometric 
invariants of X encoded by K, following the research line of |17) . 

The interest on this question arises from the algebraic formulation of quantum field theory 
over the (possibly curved) spacetime X, an approach where the basic mathematical objects are 
a net of C*-algebras over K and the set of its Hilbert space representations of physical interest, 
called the sectors of the net. Geometric effects on quantum systems, the most famous of which 
is the Aharonov-Bohm effect, are known since the late fifties, nevertheless topological invariants 
have been discovered in the analysis of sectors only in recent times (see [H [5J [TCI [3]), and since 
these are expressed in terms of the poset rather than the space, the question of representing 
them as genuinely geometric objects arises. 

Nets of C*-algebras appeared in quantum field theory in terms of pairs (A,j)k, where A := 
{Ay} is a family of C*-algebras indexed by the elements of K and {jy'y ■ Ay — > Ay, Y C Y'} 
is a family of *-monomorphisms fulfilling the relations 

JY»Y> ° JY'Y = JY»Y , Y C Y' C Y" , 

the basic idea being that each Ay is the C*-algebra of quantum observables localized in the 
region Y C X. This notion can clearly be given in other categories, as the ones of (topological) 
groups and Hilbert spaces; in recent times, a particular attention has been given to net bundles, 
i.e. nets such that every jy'Y is an isomorphism ([IT]). 

The reader experienced in algebraic topology can recognize that what we call a net is, as a 
matter of fact, a precosheafQ, thus it is expectable that these objects actually encode non-trivial 
geometric invariants of X. Some relevant results in this direction have been proved, showing 
a strong interplay at the level of homotopy. We just mention the following two facts: (i) The 
fundamental group ni(K) is isomorphic to the fundamental group tti(X) ([If)]); ( n ) The category 
of net bundles over K is equivalent to the ones of locally constant bundles over X and of iri(X)- 
dynamical systems ([T7J HE])- ^ n this last case the geometric meaning of the 7Ti(X)-action is 
given by holonomy and is central in the theory of net bundles. 

In accord to the previous considerations we have a (noncanonical) equivalence between the 
category of C*-net bundles and the one of locally constant C*-bundles. In the present work 
we show that any net of C*-algebras can be interpreted as a precosheaf of local sections of a 
Co(A)-algebra. This extends, this time in a canonical way, the equivalence proved at the level of 
net bundles to a functor from the category of nets of C*-algebras to the one of Cn(A)-algebras. 
Consequently, the sectors studied in [H [3J can be understood as Co (^-representations over 
locally constant bundles of Hilbert spaces. This will allows us to define, using the Cheeger- 
Chern-Simon character ([5]), an additive characteristic class on the set of sectors generalizing 
the statistical dimension, a well-known invariant in algebraic quantum field theory ([19]). 

As an application of the previous results we consider nets of Fredholm modules, a generaliza- 
tion of a notion introduced in |13[ §6] to describe sectors in terms of the index theory: we extract 

lr The term net, standard in algebraic quantum field theory, shall be used in this paper as a synonym of 
precosheaf. 
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a geometric content from these objects, showing that they define cycles in the representable 
if -homology of the Co(X)-algebra defined by (A,j)k- 

The present paper is organized as follows. 

In 33] we describe the interplay between presheaves, nets and Co(X)-algebras. 

In g]we define a functor from nets of C*-algebras to Co(A)-algebras. The Co(X)-algebra 
associated to a net {A,j)k fulfils a universal property, namely the one of lifting any heteromor- 
phism from (A,j)k to a Co(X)-algebra, defined in a suitable way. This notion is central in our 
work and is introduced in £13.21 

Finally, in Sj5] we study nets of Frcdholm modules and show that these can be interpreted 
as continuous families of Fredholm operators, that is, cycles in the representable iC-homology 
RK°(£f) defined by Kasparov in [TT] (see Appendix ilA"|) . 

2 Preliminaries 

In this section we recall some background notions relative to nets of C*-algebras and Cq(X)- 
algebras. 

2.1 Nets of C*-algebras 

We give some recent results on net of C*-algebras. Details can be found in [2"U] . 

Posets. Let (K, <) be a partially ordered set (poset). We shall denote the elements of K by 
Latin letters o, a. We shall write a < o to indicate that a < o and a/o. A poset K is said to 
be upward (downward) directed whenever for any pair 01,02 G K there is o G K with 01,02 < o 
(o < 01, 02). If a G K and ui C K , then we write a < u> if , and only if, a < o for any o£w. 

The notions of pathwise connectedness and the homotopy equivalence relation can be intro- 
duced on an abstract poset K in terms of a simplicial set associated to K [T21 HZ] . This leads 
to the first homotopy group n\{K) of K with respect to a base element a G K. However, for 
the purposes of the present paper, it is not necessary to introduce the explicit definitions in 
terms of the of the simplicial set. It is enough to recall the following facts: if K is pathwise 
connected, then n^(K) does not depend, up to isomorphism, on the choice of the base point a; 
this isomorphism class, written Tti(K), is the fundamental group of K; K is said to be simply 
connected whenever tti(K) is trivial. In particular, if K is either upward or downward directed 
then K is simply connected. 

In the present paper when K is a not specified poset we shall always assume that it is pathwise 
connected. 

Actually, the posets we shall deal in the present paper arise as good basis K, ordered under 
inclusion, of topological spaces X, that is, basis of arcwise and simply connected open subsets 
of X. As a consequence, we shall always assume that the connected, locally compact, Hausdorff 
space X has a good base (so that X is locally arcwise and simply connected). Under these hy- 
potheses, the poset K inherits from the space X the following properties: it turns out that K is 
pathwise connected and, for all a G K and x G a, there is an isomorphism 

*f(X) 

(see US])- Connected manifolds, that are the class of spaces in which we are interested in, fulfil 
all the above properties. 
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Nets of C*-algebras. A net of C* -algebras over a poset K is a pair (A,j)k, where A is a 
collection of unital C*-algebras A , o £ K, called the fibres of the net, and J is a collection of 
unital *-monomorphisms j ' : A — > *4 ', for any o < o', the inclusion morphisms, fulfilling the 
net relations 

Jo"o' O Jo'o = Jo"o , O <o' < o" . (2.1) 

If 5 C if and (.4, is a net then (A,j)s is itself a net, called the restriction of (4,j)k over 5. 

The easiest example of a net of C*-algebras is that of the constant net of C*-algebras which 
is naturally associated to a C*-algebra A (that is, j < = id,A, Vo < o'). We shall denote this net 
by the same symbol A as that denoting the constant fibre. The vanishing net is a constant net 
A such that A = 0. 

A morphism cf) : (A,j)k {B 1 h)k is a family of *-morphisms cf> : A —> B , for any o G K, 
such that 

</>o' ° Jo'o = Vo'o ° <i>o , o < o' . (2.2) 

We say that is a morphism into a C* -algebra in the case that the codomain net (B,v)k is a 
constant net B. We denote these morphisms by <j> : (A,j)k — > B. We say that (A,j)k is trivial 
if it is isomorphic to a constant net. 

From the categorical point of view a net of C*-algebras is a functor from a poset, considered 
as a category, to the category of unital C*-algebras; morphisms of nets of C*-algebras are natural 
transformations of the corresponding functors. In what follows we shall deal with nets taking 
values in other target categories. A net of Banach spaces is a pair (H, V)k, where H = {H } is a 
family of Banach spaces and V := {V > } >> is a family of injective, bounded operators fulfilling 
the net relations. In particular, when each fibre "H , o G K, is a Hilbert space and any operators 
V 'o ■ H T~Lo' , o' > o, is an isometry we say that (Ji, V)k is a net of Hilbert spaces. 

Net bundles. When every inclusion morphism of a net {A, j)k is invertible we say that (A, j)k 
is a C* -net bundle. Since the morphisms j / , o < o', are invertible, it makes sense to consider 
the inverses j~t and to be concise we will write j DO < := j~, a . 

As a consequence of pathwise connectedness of K and of the invertibility of the inclusion 
morphisms, any C*-net bundle is, up to isomorphism, of the form {A, j)k i-e. a net bundle whose 
fibres are all equal to a unique C*-algebra A, called the standard fibre, and whose inclusion maps 
joo are automorphisms of A (see [201 §3.3] for details). 

In the same way we will talk about Banach and Hilbert net bundles, where, in the latter case, 
the inclusion morphisms are unitary operators. 

Example 2.1. Let S C C be a finite set and I'cCa regular, bounded open subset such that 
S C X' . We set X := X' — S and fix a good base K for X . For each Y G K we consider the 
Banach space Oy of functions holomorphic in Y having a meromorphic extension to X such that 
the set of poles is contained in S. In this way we get the Banach net bundle (O s ,j)k, where 
JY'Y, Y CY' , \s the (non- isometric) operator defined by analytic continuation. 

Representations. A representation of (A, j)k into a Hilbert net bundle (H, U)k is a morphism 

tt: (A,j) k ^ (BHMU)k , (2.3) 

where (BH, a.dU)K is the C*-net bundle defined by (H,U)k having fibres the C*-algebra of 
bounded operators B(H ), o G K, and net structure defined by adjoint action of the U > 's. We 
say that it is faithful whenever tt is a faithful representation of A on H for any o G K, and 
say that 7r is trivial whenever tt — for any o. 

Nets of C*-algebras are classified according to their representations. A net of C*-algebras 
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is said to be non- degenerate if it admits non-trivial representations, and infective if it admits 
faithful representations. Examples of nets exhausting the above classification can be found in 
|20) . See |21] for examples of injective nets remarkable for conformal quantum field theory. 

Remark 2.2. In the context of the Algebraic Quantum Field Theory it is customary to consider 
Hilbert space representations, i.e. morphisms from (A,j)k into the single C*-algebra B(H). It 
was only recently that the more general notion of representation (|2.3p has been considered [2J [3] . 
These two notions agree when the net is defined on a simply connected poset. In the non simply 
connected case there are examples of nets having faithful representations but no non-trivial 
Hilbert space representations [301 Ex. A. 9, Ex.5.8(i)]. 

The universal C*-algebra and the enveloping net bundle. The universal C* -algebra is by 
definition the C*-algebra A lifting any C*-algebra morphism of (A, j)k ■ that is, there is a canon- 
ical morphism e : (A,j)k A such that for any cf> : (A,j)k B there is unique <j>^ : A — > B 
with (f) — (f>^ o e. This notion has been introduced by Fredenhagen (|S]), as a tool for analyzing 
the superselection structure of nets in conformal field theory. 

The representation theory of a net is not completely encoded in the universal C*-algebra 
since only Hilbert space representation of the net lift to the universal C*-algebra (see previous 
remark). However it turns out that to any net of C*-algebras (A,j)k corresponds a C*-net 
bundle (A,j)k, the enveloping net bundle lifting, as above, a net bundle morphism of (A,j)k- 
In particular, representations of the net are in 1-1 correspondence with those of the enveloping 
net bundle. 

The universal C*-algebra forgets the topology of the poset K (the fundamental group), in- 
formation which is naturally encoded in the enveloping net bundle. Actually when the poset is 
simply connected these two notions agree: the standard fibre A of the enveloping net bundle is 
isomorphic to the universal C*-algebra A (for details, see [20 ). 

In the present paper we shall use the notion of universal C*-algebra to construct the fibres 
of our Co(A)-algebras: given x G A and the downward directed poset uj x := {Y G K : x G Y} 
(which is simply connected, see |T7l §3.2]) we shall define our fibre on x as the universal C*- 
algebra of the restricted net {A,j) Ux . 

2.2 Co(A A )-algebras and the homotopy group 

Let X be a locally compact Hausdorff space. A Co(X)-algebra is a C*-algebra 33 having a 
nondegenerate morphism from Co (A) to the centre of the multiplier algebra M33. Assuming 
for simplicity that this morphism is faithful we identify elements of Co (A) with their image in 
M33 and write fT G M, f G C (A), T G 33. A C*-morphism r) from 33 to the C (A)-algebra 
33' is said to be a C (A)-morphism whenever rj(fT) = frj(T), V/ G C (A), TeJ. Let C X (X) 
denote the ideal of functions vanishing on x E X; then the closed linear span C X (X)33 generated 
by elements of the type fT, f G C X (X), T 6 3§, is a closed ideal of SS and this yields the family 
of C*-quotients 

r x : SS S3 X :— £%/{C x (X)3$} , x £ X . (2.4) 

It can be proved that the norm function tit{x) := ||r x (T)||, x G A, is upper semicontinuous 
and vanishes at infinity for every T G 33 |141 [2~|. and we say that 33 is a continuous C* -bundle 
whenever tit is continuous for any T G 38. Defining 

r(T) := {r x (T)}el[3§ x , VT G 33 , (2.5) 



■5 



yields an immersion 33 C J\ 38 x , and this leads from the formalism of Co(X)-algebras to the 
one originally used by Dixmier and Douady (see Chap. 10]). 

When X is compact analogous considerations hold (without requiring the property of van- 
ishing at infinity for elements of 3§), and we use the term C(X)-algebra. 

Locally constant bundles. Let now X be paracompact and 38 a Co(X)-algebra. For any 
Y C X we consider the closed ideal Cq(Y)33 C 38. Given the open cover {Xi}i £ i and a C*- 
algebra B, an atlas of 38 is given by a family rj of Co (Xi) -isomorphisms 

rh : C (Xi)@ ^ C (Xi) ® B , i£l , 

and defines Co{Xi n Xj)-isomorphisms 

a tj ■= Vi ° vj 1 ■ C {Xi n Xj) ® B -> CoiX, n Xj) ® B , 

that we regard as maps a»j : n — > autB. 

We say that 3$ is locally constant whenever it has an atlas rj such that any ctij is constant 
on the connected components of Xi D Xj. In the sequel we will denote a locally constant C*- 
bundle by (38, rj). Let now (38', n') denote a locally constant C*-bundle, and (j) '■ 3$ — > 38' a 
Co(X)-morphism. Then any 

can be regarded as a continuous map 

4> vi : X, n X[, hom(B, B') , (2.6) 

where hom(B, B') is the space of morphisms from B into B' endowed with the pointwise con- 
vergence topology. We say that <j) is locally constant whenever each fan is a locally constant map 
(that is, fan is constant on any connected component), and in this case we write 

Now in general a Co(X)-morphism is not locally constant, so locally constant Co(X)-algebras 
form a non-full subcategory of the one of Co(X)-algebras. The notion of locally constant bundle 
can be given for generic spaces, in particular topological groups and Hilbert (Banach) spaces 
( |121 §1.2]); this is indeed the common setting of this notion, rather than the one of C*-algebras. 

Remark 2.3. Let A be a unital C*-algebra. Then applying jTTJ Theorem 31] to G — autA we 
obtain isomorphisms 

\c(X,A) ~ net (if, A) ~ dyn(%i(X),A) , 

where: 

(i) \c(X, A) is the set of isomorphism classes of locally constant C*-bundles over X with fibre 
(isomorphic to) A; 

(ii) net (if, A) is the set of isomorphism classes of C*-bundles over K with fibre A; 

(iii) dyn(7Ti(X), A) is the set of equivalence classes, under adjoint action of autA, of actions of 
tti(X) on A. 



6 



An analogous result holds in the setting of Hilbert spaces, by replacing A with a Hilbert space 
H and axitA with the unitary group. 

Example 2.4. Let A be a C*-algebra with arcwise connected automorphism group and X a 
space with a good base K. We denote the set of isomorphism classes of locally trivial, continuous 
C*-bundles with fibre A by bun(X, A). In accord to 17, §7] and PS §3.13], in the case of the 
n-spheres S n , n € N, we find 

f lc(S\ A) ~ aut ad A , hun{S\A) ~ 7r (autA) = {0} 
\ lc(S n , A) ~ {0} , hun(S n ,A) ~ 7r„_i(autA) , n > 2 , 

where aut ad A is the orbit space of autA under the adjoint action. 

3 Nets and presheaves of C*-algebras 

In this section we introduce some objects that will be used to connect nets with Co(X)-algebras. 
First, we define presheaves of C*-algebras over posets, which become presheaves in the usual 
sense in the case of the presheaf of local sections of a Co(A)-algebra. Then we introduce the 
notion of heteromorphism from a net to a Co(A)-algebra: this will give the model of the way in 
which (A,j)k is connected to si/. 

3.1 Presheaves of C*-algebras 

A relaxed net of C* -algebras (A,j)k is defined in the same way as a net of C*-algebras, with the 
difference that the fibres A , o G K, and the *-monomorphisms j > , o < o', are not necessarily 
unital. A morphism between relaxed nets of C*-algebras is defined in the same way of usual nets 
of C*-algebras. 

A presheaf of C*-algebras is given by the triple (A,r) , where K is a poset, A := {A } 
a family of C*-algebras and a family r := {r oa i : A > — > A , o < o'}, *-morphisms, called 
restriction morphisms, fulfilling the presheaf relations 

Too 1 r ' " = r 00 - , o <o' <o" . (3.1) 

A presheaf morphism tj> : (A,r) K — > (A',r') K is a family of *-morphisms <f> = {<fi° E (A ,A' )} 
fulfilling <j)° o r oa — r' oa o <^> a , for any o < a. 

Remark 3.1. When K is a good base for the topology of a completely regular space presheaves 
of C*-algebras are, in essence, in one-to-one correspondence with Co(X)-algebras: the basic 
idea is that the given presheaf can be regarded as the presheaf of local sections of a topological 
C*-bundle, see (HE]. 

Heteromorphisms. Let (A,j)k be a relaxed net and (B,r) K a presheaf. A heteromorphism 
from (A,j)k to (B,r) K is given by a family it = {tt : A — > B } of C*-morphisms fulfilling 

Too' ° TV ° Jo'o — TTo , O < o' . (3.2) 

In the sequel, hetemorphisms shall be denoted by 

7r:(A,j) K ^(B,r) K , 

emphasizing the "wrong- way functoriality" of the notion. Note that when each r oa i is invertible 
we have the C*-net bundle (B, r -1 )^ and we can regard it as a morphism of nets; thus the idea of 
heteromorphism into a presheaf is a natural generalization of the one of morphism into a C*-net 
bundle. 
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Example 3.2. Let A be a C*-algebra and K denote the poset of proper, closed ideals of A 
ordered under inclusion. We have the tautological relaxed net of C*-algebras (A,j)k, where 
Ai := I, I E K, and ji>i is the inclusion. We also have a presheaf (MA, r) K having elements 
the multiplier algebras MAi, L E K , with presheaf structure defined restricting the multiplier 
F E MAr to I C I' (in fact, it is easily verified that Ft E I for all t E Ai and F E MAr). It is 
then clear that the family of inclusions kj : Aj — > MAi, I E K , fulfils (3.2). 

3.2 The presheaf defined by a C (X)-algebra 

In this section we consider the presheaf of C*-algebras associated to a given Co(X)-algebra, and 
this will allow us to define heteromorphisms from nets to Co(X)-algebras. 

Restriction morphisms. Given the Co(X)-algebra 3§, for any open set U C X we consider 
the closed ideal Cq(U)3§ generated by elements of the type fv, f E Cq(U), v E 83. Let us 
consider the C*-algebras Sy8§ :— 3§/Cq(X — Y)3§, Y E K, and the corresponding quotients 

r Y : 33 -> S Y 8§ , Y E K . (3.3) 

Lemma 3.3. Let t, s E 8$ and Y E K. Then ry(t) = ry(s) if, and only if, r x (t) — r x (s) for 
any x E Y . 

Proof. We have ry(s) = ry(t) if and only if t — s = fv for some f E Co(X ~ Y), v E 38, and 
this implies r x (t) — r x (s) = f(x)r x (v) = 0, Vx E Y, that is, 

r x (t) = r x (s) ,VxEY. 

Conversely, let t,s € 8$ fulfilling the above relations. To prove the Lemma it suffices to verify 
that v := t — s belongs to C$(X — Y)8§. To this end, we note that \\v\\ = s\xp xeX _ Y \\r x (v)\\ 
and that, by upper-semicontinuity of n v , for any e > there is a closed W D Y such that 
sup xGW \\r x (v)\\ < e. Applying Uryshon Lemma we get a continuous map f £ : X — > [0, 1] such 
that f e \y — 0, f e \x-w = !• Given an approximate unit {g\} C Cq(X) we have f e g\ E Cq(X — Y) 
for any A. So, for any A such that g\\w = 1 an d \\v — g\v\\ < e, 

Ik - fe9\v\\ < \\v - g x v\\ + \\g\v - f e g\v\\ = \\v - g x v\\ + sup ||r x (t>) - f £ (x)r x {v)\\ < 2e . 

xew-Y 

This proves that v can be approximated by elements of Cq(X — Y)B§, so v E Cq(X — Y)S§. □ 

Pullbacks of local sections. Local sections of 38 can be smoothed by continuous functions 
in such a way to define elements of 33 itself, as follows: 

C (Y) x S Y 3§ -»■ 3S , f,r Y (t)^ f>r Y (t):= ft . (3.4) 

This operation is well-defined because ft = ft' for any t' E 3§ such that ry(t) = ry(t'). 

Corollary 3.4. Let w, w' E Sy88 such that f>w = f>w' for all f E C (Y). Then w = w' . 

Proof. By the previous Lemma it suffices to check that r x (w) — r x (w') for all x E Y. To this 
end, given x E Y we take / E Cq(Y) such that f(x) — 1, so r x (f t> w) = f(x)r x (w) — r x (w), 
and, in the same way, r x (f > w') — r x (w'). Since by hypothesis r x (f > w) = r x (f > w') we find 
r x (w) = r x (w'), so w = w' as desired. □ 
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The presheaf structure. Since the inclusion of ideals Co(X — Y')SB C Cq(X — Y)SB holds 
for any Y C Y', we have a *-morphism ryy '■ SySB — > SySB defined by 

ryy o ry :=ry , Y CY' , (3.5) 

which obviously fulfils the presheaf relations ryy" — ryy o ryy, for any Y C Y' C F", and 
yield the presheaf (SSB,r) K . Furthermore, for the same reason as in the previous definition, for 
any x £ Y we have a *-morphism : SySB — > SB X defined as 

r Y or Y :=r x , x £Y . (3.6) 

Concerning the functoriality of the above constructions, any Co(X)-morphism tj> : SB — > SB' 
induces in an obvious way the morphism 

4> s : (SSB,r) K -> (SSB',r') K , 4> S ' Y o r Y := r' Y o , y £ Jf. (3.7) 

This leads to a functor from the category of Co (^)-algebras to the category of presheaves of 
C*-algebras. About the functoriality of (|3.4p we note that 

0(/>TV(t)) *P - /0(f) 'P />r^(f)) *P />^ y (r y (t))e^'. (3.8) 



Morphisms from nets to Co(A)-algebras. We conclude by giving the notion of heteromor- 
phism from a net (A,j)k to a Co (X) -algebra SB, that is, a heteromorphism tj> : (A,j)k (SSB,r) 
The geometric content of </> is that any t £ Ay, Y £ K, defines the local section 4>y(t) £ SySB 
that can be extended, using the net structure of (A,j)k, to the local section <f)y o jy Y (t). To 
be concise, in the sequel <fi will be denoted by 



4>:{A,j)k (3.9) 

Compositions of (hetero)morphisms between nets and Co(X)-algebras shall be denoted, coher- 
ently with the above notation, as follows: let (Ao,Jo)k> (A,j)k be nets of C*-algebras, let SB, 
SB' be Co(A)-algebras, and 

4>:(A,3) K -"& , V-(A),3o)k^(A,j)k , ^:SB->SB' 

(hctcro)morphisms. Then wc define 

<P°V ■ (A a ,j ) K ~»SB , (</> o rj) Y := <\>y o rjy , Y £ K , (3.10) 

and using (|3.7I) 

^ s o<j): (A,j) K -»& , (ip s o <f>) Y := ip s ' Y o 4> Y , Y£K. (3.11) 



4 From nets of C*-algebras to Co(X)-algebras 

In this section we prove our main result: we associate a Co(X)-algebra to a net of C*-algebras 
and prove that this assignment is a functor. The assignment is not trivial when the net is non- 
degenerate and, in particular, is faithful in a suitable sense when the net is injective. Furthermore, 
we shall see that sections of the net induce multipliers of the corresponding Co(X)-algebra. We 
conclude by drawing some consequences on the representation theory of a net. 
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4.1 The C (^)-algebra of a net 

In the following lines we construct the Co(X)-algebra associated to a net of C*-algebras and 
show that this assignment satisfies a universal property yielding a functorial structure. 

Let (A,j)k be a net of C*-algebras. For any x <G X, consider the set w x := {Y 6 K : x E Y} 
and the net (A,j)u x obtained by restricting (A,j)k to uj x . Denoting the universal C*-algebra of 
{A,3)u m by A x (see q2.ip . the canonical morphism e x : (A,j) Ux —> A x satisfies the relations 

e x Y , o 3Y , Y = e x Y , Y CY' ,Y,Y' e cu x . (4.1) 

The basic idea is that the Co(^)-algebra associated with the net (A,j)k is generated by a 
suitable set of vector fields of the product C*-algebra A x := rLex-4r (i- e -> the C*-algebra of 
vector fields t : x \-¥ t x € A x endowed with the ^-algebraic structure defined componentwise and 
the sup-norm ||i|| := sup^. p^Ha;). 

To begin with, note that for any Y G K there is a morphism ey ■ Ay A x defined by 

■£ u\ .— J e y(f) > x € y , (42) 
1 , otherwise , 

for any t E Ay- The *-algebra generated by vector fields ey(t), as Y and t vary in K and Ay 
respectively, is not closed under pointwise multiplication of continuous functions. So we smooth 
these fields as follows 

(fty(t)) x := f{x)ey{t) x , Y e K , / e C Q {Y) , t € Ay , 

and define A* to be the *-algebra generated by the fields fey(t) as Y, f and t vary in K, Cq(Y) 
and Ay respectively. A generic element t has the form 

f = II /< ^ (*<) ' Fi e , /i e Co(Fi) , t ( e ^ , 

where 5 and I s , for s e S, are set of indices having a finite cardinality. Note in particular that 
any t has a compact support since it it contained in U s gs Uj e j s which is relatively compact. 
This implies that A* is a non-degenerate Co(X)-module under pointwise multiplication, in fact 
for any approximate unit {f\} of C C (X) the identity f\i = i holds eventually. Finally, we define 
the C*-algebra 

a/ := A* U CA X ; (4.3) 

in words, is the closure of A* under the sup- norm in A x . 

We shall see soon that si is indeed a Co(X)-algebra and yields an interpretation of (A,j)k 
as a net whose elements are local sections of s/ that can be extended by means of j. Before 
showing this, we need a preliminary observation. 

Remark 4.1. We point out that the collection {cy , Y £ K} is not a morphism from the net 
(A,j)k to the C*-algebra A x . In fact the relation ey o jyy = ey does not hold in general but 
only in restriction to Y' i.e. 

ey,{t) x = ey{jYY,(t)) x , xeY'CY, 

as can be easily seen by (I4.1[) . This and the relations (|4.1[) imply 

fe Y (t) = fey>(jY>y(t)) , Y CY', f e C (Y), t S Ay . (4.4) 
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Theorem 4.2. Let (A,j)k a net of C* -algebras. Then si is a Co(X)-algebra endowed with a 
canonical heteromorphism 

t : (A,j) K -» ■ 

Proof, s/ is a C*-algebra, so we verify that it is a Co (^)-algebra. Note that, for any / € Cq(X), 
t G A* it turns out = sup,j. eX \\f( x )tx\\x < ||/||ooP||, so Co(X) acts by bounded linear 

operators on s/ and we can extend by continuity the Co(^)-action on s/. By density, it is easily 
seen that Co(X) acts on s/ by central multipliers. To prove that this action is non-degenerate 
we take T € s/, pick s > and t e G .4* such that ||T — t e || < e. Given an approximate unit 
{fx} C C C (X) there is, as observed before, A e such that i e = f\i e for all A > A e , so 

\\T - fxT\\ <\\T- t s \\ + ||/ A (T - f e )|| < 2e . 

This proves that the Co(X)-action is non-degenerate, so sf is a Co(X)-algebra. 

We now define the canonical morphism r. Given Y E K, consider U G if such that F C J7 
and a plateau g € Co (£7) such that g = 1 on Y, and define 

Ty(t) := rY(geu(j UY (t)) ) , i € Ay , 

where we used the quotient ry ■ sf — > .2//{Co(^f — Y")j2/}. We prove that this definition is 
well posed. We first note that we have independence of the choice of the plateau, because if 
h G Cq(U) is such that h = 1 on Y, then 

geu(jUY(t)) - h?u{ 3uY {t)) = {g- h)eu(j UY (t)) £ C (X -Y)si = kerry . 

To prove that Ty(t) is independent of the choice of U we make the following remark. Consider 
V £ K such that Y C V C U and observe that if g £ C (V) then 

g^uhurit)) = geuijuv o j VY (t)) = ge v (j VY (t)) . (4.5) 

We now can prove the independence of Z7. Given U' DY and G Co(t/') such that g' = 1 
on F, we note that we can always find V such that Y C V , V C U D U', and g € Co(V) such 
that j = 1 on y. We have 

gtu(jUY(t)) - g'eu'(ju'Y{t)) = g"eu(jUY(t)) -g"eu'(ju>Y(t)) +F 

= 5ev/0yy(t))-5eV(jvr(«)) + i 7 ' - F , 

where F := (<? — g)^u (jUY (t)) + (<?' — g)^U'(.]U'Y(t)) is in kerrv by plateau independence. This 
proves that the definition of ry : Ay —> Sys/ is well posed and clearly it is a linear map. To 
prove that ry is a *-morphism we note that for any t, s € Ay we have 

T Y (t*s) =ry(ge u (j UY (t*s)) = ry{^/gt u {j U Y(t))*^/g€ U {] UY {s))) = T Y (t)*Ty(s) , 

because of the independence of the choice of the plateau, since ^fg £ Co(U) and y/g — 1 on Y . 
Finally, if Y C V and t e Ay then 

ryy, o Ty,(jy,y(t)) = ryy, o ry, (g 7jj (] UY , o Jy,y (t)) = ry (geu(]UY (t)) = Ty(t), 

because U and g satisfies all the properties for the definition of Ty. This proves that r is an 
heteromorphism as desired. □ 
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Remark 4.3. By the above construction it seems natural to identify the fibres &/ x := / {C x (X)s/} , 
x £ X, with the C*-algebras A x . Indeed, the fact that A x is isomorphic to &/ x shall be proved 
in the sequel, see Prop l4.5l 

To describe explicitly the canonical heteromorphism we note that, for all Y € K, f € Cq(Y) 
and t € Ay, 

f>r Y (t) = fgeuijurit)) §1y = =1 ftu(j UY (t)) = fe Y (t) . (4.6) 
This also shows that r has dense image, in the sense that the set 

{f>r Y (t) : YeK ,teA Y , f£C (Y)} 

generates srf as a C*-algebra. We can now show a universal property of si '. 

Theorem 4.4. Let (A,j)k be a net of C* -algebras. Then si fulfils the following universal 
property: for any heteromorphism (f> : [A,])k into a Co(X)-algebra there is a unique 

Co(X) -morphism <fi : si — ¥ 83 such that <f> = <f> s o r. 

Proof. By hypothesis, for any Y £ K there is a morphism <p Y : A Y — > SySS such that 4> Y — 
r YY i o <j) Y , o jy'Y for any inclusion Y C Y', where r Y Y' is defined in (|3.5[) . Let now x £ X; 
consider the morphism <f) Y '■ Ay — » 38 x defined by 

4> Y := r Y o <j) Y , Yew,, 

where r Y is the morphism defined by (|3.6[) . The defining relations Q3.5P and (|3.6[) imply that 
r Y i — r Y o ryY' for any Y, Y' £ u) x , Y C Y' , so 

^y/OJy/y = ry , O (j)y, O Jy, Y = Ty or Y Y> ° 4>Y> ° JY'Y = Ty O (r Y Y> °(f>Y> °JY'y) = TyO^y = (f) Y , 

that is, we have a morphism from (A,j)u x into 3§ x , inducing by universality a C*-morphism 
<jf : A x — > 8§ x , for any x £ X, satisfying the relations 

(f) x o e Y = (t> Y = r Y o <j) Y , Y £uj x . (4.7) 

We now consider the * -morphism 

xe x , Vt € A* , (4-8) 

X 

and show that <j)*(A*) C r(8§), where r is defined in (|2.5p . It is enough to prove that for the 

generators of A*, i.e. for the fields fey(t), with Y £ K, f £ Cq(Y), t £ Ay- To this end, we 
note that by construction / > (f>y(t) £ 38, and compute, for all x £ X, 

r x (f»<t>y(t)) = f(x)-r Y o<f> Y (t) = f '(x) • <f o e Y (t) = 4> x ({fe Y (t)} x ) , 

that is, r(3f) 3 r(f > (j)y(t)) = (f)*(fey(t)) as desired. Since ||0*(i)|| = sup,,. ]]</>? {t x )\\ < 

sup x \\t x \\ — \\t\\ for all t £ A*, we can extend 0» to si and define <fi(t) := r^ 1 o </>*(£). So, 
the above equalities read as 

f>M*) = 4><JM*)) • ( 4 - 9 ) 

To prove that <f> fulfils the desired universal property we note that 

f>M*) = Writ)) ^ 0(/>7y(t)) *P />^(tv(*)) 
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for any / £ Cq(Y), t £ Ay, and the proof follows by Cor l3.4l Finally, to prove uniqueness we 
suppose that there is n : s/ — > such that (f> = 77 s or; in explicit terms, this means that 4> Y (t) — 
j] s > Y oT Y (t), VF eK,te A K , but this implies / > 4> s ' Y {t y (t)) = fxj>y{t) = / t> rf < y (ry (t)), for 
any / £ Co(Y), So, applying f|3.8[) we conclude that 

0(/>7v(t)) = }>^ Y {r Y {t)) = f>V S ' Y (T Y (t)) = v(f>M*))> 

for all Y £ K, f £ Cq(Y), t £ Ay, and uniqueness follows by density of r. □ 

Applying the previous theorem to r : (A,j)k -** ^ we find r = f s o r and this implies, 
by density of r, that f is the identity of si '. We now draw on a consequence of this fact. Let 
e x : s/ — ¥ A x be the evaluation morphism which is defined on the fields t generating s/ as 

&x(£) '•— t x : t ^ A* , 

and extended by continuity on all s/. Then 

Proposition 4.5. Let (A,j)k be a net of C* -algebras. Then the equation C7j?U applied to the 
canonical hetermorphism r : (A,])k defines an isomorphism t x : A x — > s/ x satisfying the 

equation r x — t x o e x for any x £ X . 

Proof. As observed id = f = r _1 o t* where is defined by (I4.8p . Since r _1 is an isomorphism 
we have that r — r*. This equality amounts to saying that = t x o for any x £ X, and 
implies, since r x is surjective, that is surjective. We now prove that t x is injective on A x . 
For, assume that r x (t) = for t £ si . This is equivalent to saying that t = ft' where t' £ s/ and 
/ £ C X (X) (so f(x) — 0). Let now t' x be a net of fields in A* converging to t'. Then f t' x £ A* 
and converges to ft' = t, so (/ t' x ) x — f{x)t' x x — 0. Hence 

e x (t) = e x {ft') = Yime x {ft' x ) = Umf(x)t' x<x = 

and this shows that t x is injective, concluding the proof. □ 

The universality property proved in the previous theorem is also useful to compute s/: in 
fact, to prove that a Co(A)-algebra s/' is isomorphic to s/ it suffices to verify that it pulls back 
any heteromorphism 4> : (A,j)k 

Example 4.6 (Including the case of nets on Minkowski spacetime). Let if be a base for X 
directed under inclusion (so that X is simply connected) and (A,j)k a net of C*-algebras over 
K. Then the universal algebra A is the inductive limit limy(.4y, Jvy), so we regard each A Y 
as a C*-subalgebra of A and any Jy'Y, Y C Y', as the inclusion morphism. Let now y £ X 
and Y £ uiy (i.e. y £ Y); if x £ X then there is Y' such that x, y £ Y' 2 Y so, repeating the 
argument for all Y £ uj v , we conclude A y C A x . Reversing the argument, we conclude that 
A y = A x for all x, y £ X, and consequently A = A x for all x £ X. Since we regard any Jy'Y as 
the inclusion, we have that any e Y , x £ Y, is the inclusion A Y C A, so t x — t for all t £ A Y and 
x £ Y. Let now sf' := Co(X) (8> A and <j> : (A, j)k 3$ a heteromorphism. Then we set 

0:^'^^, 0(/(8t):=/l>0y(t) , / £ C (7) , t £ C I. 
It is easily verified that <fr = 4> s o r, and this implies ja^ ~ Co(X) ® ^4. 

Proposition 4.7. If <fr : (Ai,]i)k —> {A2,J2)k is a morphism of nets of C* -algebras then there 
is a Cq(X) -morphism <j) T : s/i — ¥ s/2, and this makes {(A,j)k ^} a functor. 
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Proof. Let Tfe : (Ak,3k)K ^k-, k = 1,2, denote the canonical embeddings. Then we have the 
morphism 

cj)' := t 2 o cf) : (Ai,Ji)k -» ^2 , 

inducing, by the previous Theorem, the Co(^)-morphism </> T : &i\ — > sfa, <j) T := <fi' . Again by the 
previous theorem, we find 

((f> T y o Tl = <f>' = t 2 o <j> , (4.10) 

From this equality and the density of the image of the canonical heteromorphism (|4.6p we easily 
deduce the functoriality property {cj> o \} T = <fi T ° X T ■ D 



In the next result we determine how the fields generating si transform under the action of 
net morphisms: 

Corollary 4.8. Let <f> : (A,])k (A',j')k be a morphism of nets of C* -algebras. Then 

ct> T (fe Y (t)) = fe' Y {Mt)) , YeK, fe C (Y), t G Ay- 
Proof. By (14~TU|) we have t' y o cf> Y (t) = (/) T ' Y o r Y (t) G S Y si' for all t G A Y , YeK. So applying 
(ET51) we find that / > T Y {(j) Y (t)) = f > (f> T > Y (iy (t)) = (f> T (f > r Y (t)) for any / G C Q (Y). This 
equality and the equation (|4.6[) imply that 

4> T {ftY(t)) = 4> T (f>T Y (t)) = f»T Y (ct> Y (t)) = 

completing the proof. □ 



Sections. A section of (A,j)k is defined as a collection T := {T Y G A y } y ^k satisfying the 
relation 

T Y = JYV (T V ), V<Y. 

Proposition 4.9. Let T be a section of (A,j)k- Then e Y (T Y ) G A x is independent of Y G uj x 
for any x G X, and T := {e Y (T Y )} x defines a multiplier of si . 

Proof. Let Y, Y G u x . Then there is V G u> x with V QY HY and 

e Y (T Y ) = e Y o j YV (T v ) = e^(TV) = ef. o ^ y (T y ) = e|(7» , 

having applied (|4.ip . So ef-(Ty) G ^ x is independent of Y G and the vector field T := 
{e Y (T Y )} G A x is well defined. To verify that T defines a multiplier it suffices to make a check 
on the generators fe Y (t), f G C (Y), t G A Y , Y G K, of 

f-fe Y (t) = {e x Y (T Y )- f(x)t Y (t) x } x = fe Y {T Y t) £ si . 

In the same way we find fe Y (t) ■ T G si, so T is a multiplier as desired. □ 
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4.2 The case of injective nets 

In the following lines we analyze the case of net bundles and, consequently, injective nets, that 
are those of interest in algebraic quantum field theory, see [2Ql 0] . 

Proposition 4.10. Let X be paracompact. If (A,j)k is a C* -net bundle with fibre A then srf is 
a locally constant continuous bundle with fibre A. 

Proof. Without loss of generality we may assume that Ay — A for all Y € K and that jyY G 
autA for any Y C Y' (see j)2.ip . Now, by definition the restriction Cq(Y)s/, Y G K, is generated 
by elements of the type fe v (t), f £ C (V n Y), t G A v = A, V G K, V n Y ^ 0. But since any 
jY'Y is an isomorphism, we may take U G K , U C V n Y", and write t = o juY(t') for some 
t' e A Y = A, so 

C (FK ~ {/^(*) . /£C (7ny),teyl = iy,yeif,vnF^} . 

Given a locally finite cover {Y a } C A" we define the atlas 

/ ?7 Q : C (Y a )*t -> C (Y a ) (8 A , »fc(/e^(t)) := / ® t , 
\ WeA, /eC (^nr Q ) ,ie4, 

that is well-defined by injectivity of ey a . If Yq, PI 7^ then there is Z7 € K, U C Y a D Y^, so 
for any / G Co(Y Q n Yjg) and fe A = .Ay- we find 

Va°V^(f ®t) = Va(feu° 3UYp(t)) = f ® {jY a U ° JUYp(t)} = f <S) 9 a p(t) , 

where 

8<xf) ■= 3Y a u ° Jt/Y-^ , c Y Q n Y^ . (4.11) 

Clearly G aut A Furthermore, since for any pair U,V C Y a r\Yj3 there is W C f7 PI V, using 
the net relations one can prove that the definition 9 a p is independent of the choice of U . In other 
terms {9 a p} is a set of locally constant transition maps for srf and this concludes the proofd. □ 

Remark 4.11. In the previous proof the transition maps of &/ are defined by means of (|4.11[) 
and this shows that si is the locally constant bundle associated with (A,j)k in the sense of [TT1 
Prop.33]. 

Example 4.12. Let (BH, &dU)K be the C*-net bundle of bounded linear operators of the Hilbert 
net bundle (H, U)k\ then the associated continuous C*-bundle is locally constant and has 

fibre B(H a ). If ^ — > X is the bundle of Hilbert spaces defined by (H,U)k, then it is easily 
verified that £%Jf is the continuous C*-bundle defined by Jrf? in the sense of the following (|4.13l) . 

Proposition 4.13. Let (A,j)k be a net of C* -algebras. 

(i) If (A,j)k is non- degenerate then stf is non-trivial. 

(ii) If (A,j)k is injective then t : (A,])k s$ is a monomorphism. 

Proof, (i) By hypothesis there is a non-trivial representation n : (A,j)k — ► (BH, adJ7)/<- , so there 
is Y G K and t G Ay such that 7Ty(i) 7^ 0. Let n : &/ — > 8$ffl be the induced Co(X)-morphism. 
Then for any / G Co(Y) we have 7f(/eV(t)) = / > 7ry(i) (see (I4.9[) . and since 7Ty(i) ^ we 
conclude that 7f(/eV(t)) 7^ as desired, (ii) Recall that injectivity amounts to saying that the 
net admits a faithful representation 7r fi j2.1j) . So, assume that there is t G such that t 7^ 
and ry(i) = 0. Since 7Ty(i) 7^ the equation (|4.9p implies that />7Ty(t) = 7f(/ey(i)) 7^ for 
any / G Co(Y), / 7^ 0. But = 7f(/ > Ty(i)) = 7r(/ey(i)), and this leads to a contradiction. So, 
7y(t) 7^ as desired. □ 

2 In |17| it is proved that {# a fl} is a Cech cocycle and indeed a complete invariant of the net bundle. 
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4.3 C (X)-representations of nets 



In the following lines we analyze the consequences of the previous results in the setting of repre- 
sentation theory on bundles of Hilbert spaces. 



On nets of Hilbert spaces. Let H denote a separable Hilbert space. As we saw in Rem l2.3l 

we have a map 

(H, U) K (JT, v) (4-12) 

assigning to the Hilbert net bundle (H, U)k with fibre H the locally constant Hilbert bundle 
(J^, T)). It is easily verified that (|4.12l) preserves tensor product and direct sums, nevertheless 
it is not full, since the image of the set of morphisms between Hilbert net bundles is the set 
of locally constant bundle morphisms. This fact can be illustrated using Rem l2.3l the set of 
isomorphism classes of Hilbert net bundles over K with fibre H is given by 

hom ad «(if),?7i?) ~ hom ad (7Ti(X),t/£0 , 

where hom ad is the orbit space of the set of homomorphisms under the adjoint action oiUH and 
x € a € K. This set is, usually, drastically different from the set UH) of isomorphism 

classes of locally trivial Hilbert bundles over X; for example, when H is infinite dimensional, 
H 1 (X 1 UH) is always trivial by the Kuiper theorem, whilst hom (7ri(X), UH) is typically huge 
when the homotopy group tt\{X) is not trivial. Thus non-isomorphic Hilbert net bundles may 
define locally constant Hilbert bundles that become isomorphic in the larger category of Hilbert 
bundles (see [18] for details). 

Example 4.14. (i) We take X = S 1 with K the base of intervals Y d S 1 such that Y ^ S 1 . 
Then Trf(K) ~ Tr^S 1 ) ~ Z and 

hom ad (7r 1 (5 1 ), UH) = hom ad (Z, UH) = UH ad , 

whilst it is well-known (10, §3.13]) that H^S 1 , UH) = {0}. (ii) Take X = S 2 and K the base of 
disks Y C S 2 such that Y ^ S 2 . Then nf(K) = {0}, so that hom ad (7ri (S 2 ), UH) = {0}, whilst 
(by [101 §3.13] and, in the infinite dimensional case, the Kuiper theorem) 



H X (S 2 ,UH) = | 



Z , dimi7 < oo 
{0} , dimff = oo 



Co(X)-representations. Let ,34? ->Xbea bundle of Hilbert spaces. The set Sf of continuous 
sections of Si? vanishing at infinity has an obvious structure of a Hilbert Co(X)-bimodule (with 
coinciding left and right Co(X)-actions). The C*-algebra SffSF of compact right Co(X)-module 
operators of ,34? is a Co(X)-algebra, whilst the unital C*-algebra SBSif of right Co(X)-module 
adjointable operators on Slf is endowed with an embedding Gq(X) SBStf, which, unless X is 
compact, is degenerate, that is, 

SBSf := C {X)@je C SBS& (4.13) 

(for example, i{ Jf = X X H then Jt '3& = C (X,K(H)), SB,3T = C (X,B(H)) and SB,3T = 
Cb(X, B{H)) 1 the C*-algebra of bounded continuous maps from X to B(H)). Following Kasparov 
([TT]), given a Co(X)-algebra SB we call Cq(X)- representation a Co (X)-morphism 

7T : SB -> SBJ? C SBS& 
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(when X is compact we take 3§Jff coinciding with 383*1?). 

Let (A,j)k be a net with canonical morphism r : (A,j)k &f and 7r : si — \ a 
Co(X)-representation. Applying (|3 . 1 1 1) . we obtain the heteromorphism 

7TI := 7T o r : (A, j)k SSJ^f . 

We call Co(X) -representations of (A,j)k heteromorphisms with values in 3§Jf?. The previous 
results show that any Co(AT)-representation of s/ induces a Co(AT)-representation of (A,j)k- 
Let us now consider a representation 

tt: (A,j) k ^ (BHMU)k . (4.14) 

Then by Ex l4.12l there is a bundle of Hilbert spaces Jf? — > X such that £3J$? is the Co(AT)-algebra 
of (BH, adf7)if, so we have the canonical morphism e' : (BH, adU)K which yields the 

Co (X)-representation 

7T! := e' o vr : ^> ^Jf , 

inducing, by universality, the Co(A)-reprcscntation 

7r r : &/ -> 3g£t : tt t o e = m . (4.15) 

So we may regard representations of the type (|4.14p as particular cases of Co(X)-representations. 

Remark 4.15. Let (H, U)k denote a Hilbert net bundle defining the C*-net bundle (BH, b,AU)k- 
The net structure adU clearly restricts to isomorphisms at the level of compact operators 

adU Y 'Y ■ K(H Y ) -> K(H Y >) , Y C Y' , 

thus we have the C*-net subbundle (ICH, adU^K of (BH,adU)K to which corresponds, by func- 
toriality, the inclusion of Co(AT)-algebras JfJf? C £§J$f. This implies that each K(Hy), Y E K, 
can be regarded as a set of local sections of J€ M '. 

5 i^-homology and index 

In this section we define X-homology cycles for a net of C*-algebras, that we call nets of Fredholm 
modules, and show that these yield cycles in representable 7^-homology, i.e. continuous families 
of Fredholm modules. As mentioned in the introduction, our start point is the use of Fredholm 
modules made by Longo to describe sectors of a net ([131 §6]), an idea that has been developed 
in terms of nets of spectral triples for applications to conformal field theory (0). 

Let K be a poset. The Hilbert net bundle (H, U)k is said to be graded whenever there is a 
self-adjoint, unitary section T = {T Q e UH }, 

To>U , = U , T , o<o' . (5.1) 

This clearly yields a direct sum decomposition (H, U)k — (H + , U + )k ® (H~ , U~)jc. Note that 
(|5.ip is equivalent to saying that T is a section of (BH,adU)K inducing a Z 2 -grading, thus we 
can consider the Banach net bundles of even/odd operators 

(BPHMWk ■ adr o (t±) = ±t± , V<± e B ± (H ) , Vo e K . 
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To be concise, we denote the family of inner automorphisms associated to T by 7 = := adr o }. 
Let (.4, j)k be a net of C*-algebras endowed with a period 2 automorphism /3 : (A, j)k — > {A, j)k 
(in this case we say that {A,j)k is graded), and ir a representation over the graded Hilbert net 
bundle [T-L,U;T)k- We say that 7r is graded whenever 

7o O 7T = 7T o /3 C , Vo € if . (5.2) 

The following definitions take into account the fact that each A , o € K, is unital; their formu- 
lation in the non-unital case may be given with the obvious modifications. 

Definition 5.1. Let (A,j)k be a graded net of C* -algebras. A net of Fredholm modules over 
(A,j)k or, to be concise, a Fredholm (A, j) k -module, is a triple (jr,U;F), where: (i) -k is a 
nondegenerate, graded representation on the graded Hilbert net bundle (%,U;T)k; (ii) F = {F a } 
is a section of (B~H, &AU)k (i.e. a,AU i {F ) — F Q i and 7 (-F 1 ) = — F Q , for all o < o' ) such that 

F - F: , F 2 a - 1 , [F ,Ti {t)] G K(H ) , VoeK , teA . (5.3) 

We denote the set of Fredholm (A, j)i<--modules by J^(A,j)k- As customary for ordinary 
Fredholm modules, we say that (71", U;F) is even/odd whenever tt (A ) Q B ± 'H , Vo G K (note 
that the even case arises for f3 = idj^j- 

We now pass to the topological case and assume that if is a good base for a cr-compact 
metrizable space X. For notation and terminology on representable if- homology we refer the 
reader to the appendix <JX] In the next results we interpret Fredholm (A, j)x-modules in terms 
of continuous families of Fredholm operators. 

Lemma 5.2. Let {%,U)k be a Hilbert net bundle and T a section of (BH.,a,dU)K- Then the 
operator T defined as in Prop \4-§\ is in £$Jl?. 

Proof. Let J$? — > X denote the locally constant Hilbert bundle defined by {T-L,U)k- It is well- 
known that the multiplier algebra of JffJtf' is Sfiffl , so to prove the Lemma it suffices to verify 
that the vector field T defines a multiplier of M '. To this end we consider generators /e'y(i) 
of with t G K(H Y ), f £ C (Y), Y e K, and compute 

f-f?' Y (t) = {e'y(T Y ) ■ f(x)? Y (t) x } x = fe' Y (T Y t); 

since T Y t G K(H Y ) we find f ■ fe' Y (t) G JOT, and this proves f € SBM* as desired. □ 

Theorem 5.3. Let (A,j)k be a graded net of C* -algebras. Then any Fredholm (A, j) k -module 
(ir,U;F) defines a cycle in the representable K -homology RK a (£/). 

Proof. We start observing that, (A,j)k ^ being a functor, the Co(X)-algebra szi is graded 
by f3 T G aut«e/. By (|4.15l) there is a locally constant Hilbert bundle Jf? defined by (H, U)k and 
a Co (X)-representation 

tt t : si 38, 7? . 

By Lemma T5.21 T and F yield operators T, F G 33 J$?, with T unitary and self-adjoint. Now, si 
is generated as a closed vector space by monomials of the type 

T := /ieVi(ti) ■ • • f n t Y Jt n ) , Y k eK , f k e C Q (Y k ) , t k G A Yk ; 

note that, by linearity, we may assume that f k > for all k. We now verify the relations (IA.1I) . 
starting from the commutativity up to compact operators with elements of 7r T [si) ; to this end, by 
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linearity and density it suffices to verify on elements of the type T, and we proceed inductively 
on the lenght n. As a first step we denote the generators of BfiJtf' by fe' Y (T), f £ Cq(Y), 
T e BWy, and compute (assuming /i > 0) 



[F, nT(h? Yl (ti))} = [fl /2 F, ^{fre Yx {h))] = 



1/2, 



= [fl l2 e' Yl {F Yx ) , n T (fl /2 e Yl (ti))} C ° r ± 
= [fl /2 7' Yl (F Yl ) , fl /2 ? Yl (*Yi(ti))} = 

We now assume that T is a monomial of lenght n > 1, define T>^ := /jeVi ■ • • / n ?y„ (£n), « > 2, 
and compute 



F, Tr-if^Yih))} 7T T (T> 2 ) +^{he Yl {h)) 



F , tt t (T> 2 ) 



By induction the two summands of the previous expression belong to JffJtff, and this proves that 
[F , ir T {T)} € JT<#. By linearity and density, we conclude that [F,tt t (T)] <E Jffjif, VT e ^. 
The other relations in (|A.1|) defining a Kasparov module are checked in the same way using (|5.3p . 
and the theorem is proved. □ 

The previous result yields the desired geometric interpretation of objects, nets of Fredholm 
modules, that a priori are defined in terms of the abstract poset K. 

From this point of view we consider Theorem l5.3l satisfactorv at the conceptual level, neverthe- 
less we would like to point out that aspects related to the holonomy need a further investigation. 
To illustrate this point we consider the case X — S 1 . By the Kuiper theorem we have that the 
Hilbert bundle Jf of the previous theorem is trivial, so we may regard F as a continuous map 

F : S 1 -> F(H) , 

where F(H) C B{H) is the space of Fredholm operators endowed with the norm topology. By 
the Atiyah-Janich theorem F yields an element ind(F) of the if-theory X°(S' 1 ), that is exactly 
the product (| A.2|) of \sf\^ the if -class of the free, rank one right Hilbert jzZ-module, by the 
Kasparov module (tt t ,F). But, as well-known, K ^ 1 ) = Z, so ind(F) 6 Z yields exactly the 
kind of invariant that we would obtain taking n as a Hilbert space representation and F as a 
constant map. 

The reason of this fact relies in Ex l4.14lT j. When we compute ind(F) we forget the essential 
information of holonomy, without which any locally constant bundle on S 1 appears simply as a 
trivial bundle. So we need a tool that takes account of such a structure, that is, the equivariant 
JsT-homology of the holonomy dynamical system defined by (A, j)k (see [20j §3.3]), that we study 



A Basics of representable KK-tYveory 

For reader convenience in this section we recall some notions of representable KK-tYveoiy (see 
QU §2] for details). 



19 



Let si be a Co(A)-algebra. A grading on si is given by a Co(A)-automorphism 7 of si with 
period 2; a Co(A)-morphism between graded Co(A)-algebras is said to be graded whenever it 
intertwines the relative automorphisms. 

Given the graded Co(A)-algebra (3§, 7'), a Hilbert ^-module H is said to be graded whenever, 
for all v,w £ H , b £ 3$, there is a linear map r : H — > H such that 

T(vb) = (Tv)y(b) , (Tv,Tw) = i{v,w) € 3$ . 

Let now si ,3B be graded Co(A)-algebras, eventually endowed with the trivial grading. A Kas- 
parov ■gZ-^-bimodule, denoted by (77, 0), is given by: (i) a graded Hilbert ^-bimodule H carrying 
a graded representation r\ : si —> B(H) (here B(H) is the C*-algebra of adjointable, right 38- 
module operators), such that 

ri(fa)vb = v(a)v(fb) , Vv€H,a€sf,b€^,f€ C (X) . 

(ii) an operator g B(H) such that 

(0-0X*), (0 2 - 1)77(4), [0,^)] eX(fl) , Vte^, (A.l) 

where K(H) C B(H) is the ideal of compact ^-module operators. We denote the set of Kasparov 
■eZ-^-bimodules by E(si, 38). When 38 = Cq(X), H is, in essence, a (separable) continuous field 
of Hilbert spaces. 

We say that (770, 4>o), (771, (fix) € E(s/, 38) are homotopic whenever there is (77, 0) e E{si , 33® 
C([0, 1])) such that (770, 0o), (?7i, 0i) are obtained by applying to (77, 0) the evaluation morphism 
38 ® C([0, 1]) ^ over 0, 1 e [0, 1] respectively. 

The representable if if -theory RKK(X; si, 38) is defined as the abelian group of homotopy 
classes of Kasparov ^-^-bimodules w.r.t. the operation of direct sum. In particular, we define 

RK°(si) := RKK(X;s/,C (X)) , RKq(s/) :— RKK(X;Co(X),si) ; 

these groups are called the representable K -homology of si and, respectively, the representable 
K-theory of si . By [TTJ Prop. 2. 21], the Kasparov product induces the pairing 

(•, •) : RK {si) x RK°{si) -> RK°(X) := RK (C(X)) , (A.2) 

in essence the map defined by the index of continuous families of Fredholm operators. When X 
is compact RK°(X) is the topological if-theory (see [TTJ Prop. 2. 20]). 
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